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1. Introd,.r t i on
A previous report (Fuller and Ward, 1969) d:scusned the solution
for a coiicentrinal ly layered gout. in a plane a lec:tromagnet : c f ► e 1 d and
presented frequency response curves for particular layered oboAt-Is deri vcd
frus the work of England et aL (It. 68) and Ward (1969) . It 13 s,_aaewhat
na : ve to expect planets to be cosg osed of pe.,
 
feet 1 y hoer; eneous -oncer.tr: c
layers. A concentric model can be instructive, reverthel.r ;s. :'he utility
of a layered model to simulate a pl%net is usuall; , based upon the assumpt s : ►n
that a continuous distribution of electrical properties my be approximated
by an arbitrarily large number of discrete layers. Wait (1961) has remarked
that the convergence of this process is usually very satisfactory provided
that the refractivt index is not near zero or infinitely large. The intent
of this report is to investigate that assumption for a oarticular ccnduc-
tivity distribution and to illustrate the convergence of the layered model.
solution to the solution for a sphere with a conductivity which is functionally
dependent upon the radial coordinate r. This work is intended to justify
the utility of layered models in theoretical computations which are directed
•
--- w-
 - ft 	- 	 •
•toward th.• goal of estimating the ale	 al L&rmwte • rr, of the ,nriu•r mL#jr'
•
b; observing th,• behavi , )r of tht• natural tier varying fr^wt • t ,.• fic•A :n
the lunar e•r.vir.,nnw •nt. With thi purpoi- In mind, the- re- t wort wi 11 c-un,10 -r
the hrobler (, • .ly a.; it pertains to spherical geometry #Lnd ;cm fr-•yue•n it I,
such thA • .h,• wavelength in the l unar sphere is of the ,,rater ct' the 41sm4 1:. 4 1,11
of thesphere. A later report w 11 ccmaider the problem Ht high fre,vicnc•iI
wh ` re plan., , ge•omo-try ii s zuffic .• rt approx.mmati-,n wid whir•- tnt• !nt# nt :
to investigate the near surface	 nductivity dir.trijut'on in the mcx.)n.
'''h,- problem of an inh(x-rageneous split- row v t.h a ( , nduct v i ty wh i h
obeys some tun c tional dependence with radial coord.nate r has brc • n 411c"rrst.-I
by Rr''amwr (1949). Tai (1958), Wait (1962), Negi (1`C , I(CI) and others.
For particular functional dependencies, analytic soirtiun:; nre obte.inable
and have been presented in many of the aforementioned references. Th s
report will adhere to the rotati ­n leveloped by Fuller and Ward (1 ,A)9 ) in
order to eff., ct a -_mnvenient comparisons between the l.aye • re d s(_)lut;on and
ths, f; +A ion for ttie continuous distribution of c , ndu.--tivlty.
1I. Theoretical Formulation
In the case of inhcmugvneity, or dependenc e - of tho- le•etr cal.
param-!ters eipon the radial coordinate r, it is both necessary and desirably
to c ­nsider the method of solut ion and the relationship of fields and pote.n-
tial in cLarr detail in order tn ­nsure that the solutionc and potential::
chosen do indeed satisfy all requirements of the problem. Either of two
possible approaches is sufficient to establish the sulut s, ,n; ono- mpproach
is to derive po t.rn`iels from Maxwell's equations and 	 e.hcr is to as:-vmc
relations between fic Ids and pot • •nt ials and demonstrate: that the field!:
+at i :,1' j Maxvr 1 l ' -s equations under Berta. n ^%mu i t s uns on the . pct t-nt i t,1 s .
The latter approurh is used here in order to retain the notation (I-Vu l oped
in it previous rt • pc)rt (Fuller end Ward, 1969).
The grtAwAry is illustrated .n Figure 1. A plane wav y •, which in
x-pclarizcd and r-traveling is incident upon -k sph, r- which has 4-1ceAri.•al
pruperties which vKry an a functiun of the radial -uordm,t y . Th-- el--rtricai
pr , )p• • rti , -s of the external ardium are • ass l rwc& constant anal, in -,mputations,
•ai l l n3 g ^M- i'ree space vr,lw • :t. The outer radius, h, . )f .ht- sph-rt- i--
A.
chos#•n t( b q - one lunar rmui;u: (1"'38 Km).
, - lintWt th	 time depenf:,•n • e s v nppre:-sed,	 !%-ek to s, , Iv,-, in #-arh
rw--i ium, th . fr l low , ng McLxve 1 ! equxt ions :
V x E (X,w) = t N (z ) w)	 (t)
D x N (x, w) =y E (z, w)
+her ,- tho • rx)S t t i on vector x denotes spatial dependence and angul a r frcmicney
AW d#,notc "- frequency dependence. The impedivity, 7 , rind admittiv,t.y, y
Kr ,  given by
A
A = a'-1w6	 (4)Y
and ar(•,
 for this discussion, allowed to be functions of the radial cvor-
dtnote r as well as of fregnency. In accordance with Ful licr and Ward (19 9)
 U --—	 — -	 -- T
0
r
4ve define, a transvt - rse clectric jx)trntia! Y anti	 magnt •ti( {x,)t,•n-
tial	 f	 ru:h that the fields ary given by
vX ^ re,Y
N(z,w)= C1x^re. +VxQ X fi rer 	 (-^t
f-viat i ( , na (^) and (b) may be consid o• red,
 at the uutact , as me r- ly
ussumptic.nb. It r f mains to justify these assumptiun:, by nubstitut!ng the
field expressions ( 5) and (6) into the Mardell f quations (1) and (.') in
order to arrive kt the r!onditionR which 'V
	
and ^	 must :satisfy tk)
enure that the fields given by (`» and (o) satisfy MRcwcll'u rquat;()ns.
oubstitution of (`,) and (b) int , , (1) yields
1V X -j- VXVX ^re r = t 0k rer
Y
an a condition on the potential f . Making use of the vert o r identity
(Dav-i., 1961, P. 119)
px^ A= t Ox A t 7^ x A	 (8)
we may writi the right hand side of (7) as
t 0 X ^rer -^XZ ^rer -fit .^re,,	 (^)
•
(7)
•A ^ n A
If :, - -(r) is a fur. -t!on of r only, Cher, V T. and 4 rer are paral 1t
vector::, I he seconvi term on the right hand sid e ,,r c wat { . r ►
 (9) i.c ?rro, and
X re r
 = ^X 'L T re r	 (10)
Substitut'un of (10 into (7) gives
VxVx	 ^re
A curl-fret vector may be exprtsFed as the gradient of a z(alar runcti or. so
that, wLking use of the relat*on
Z	 A A	 ZK - y z = 4,,f +( ILA	 1. )
we muy write
7)(VX ^rer 
-KL re r= -y Vf	 00
where t	 is an aruitrary scalar fLnctlon. Expanding equation (11) and
equating the vector components in the 8
	
and (^ directions yields,
r.,ipectively,
dj ^r)	
- 
^1f
8r6 d 	 y 9	 (14)
8x(^r)	 o%
drd4^
0.
•A
.:ino e y 13 a r-,n-t i sm ,f r only, ­juat ions ( l ip ) an-i W,) may be i rnt , grntrl
w ,.th r-apect t , 	 0 and 40
	
rrspe-tively aml w.11 Ur i,it nt ► cal ly nati•:P ► t•ii
I f we- r -quire Chat the heretufore arbitrn . • y scalar funct iOr, t	 : %t i si'v
a-- y
V iu1t rig the- r e , Anponenta of th• •
 vector juation (1 ) v,f mak i c.;
to silbat i tuLt rt)r t
	
yi ldrt the i-mLati on
l1 a	 + - -- ^..^^ a d ♦ _Lkid= o , )--d r	 d rf W_ L WA 	 e	 r Sin A d^
F Uati rn (11) is th- scalar Helmholtz equation In ::pheri, • aI	 ur'.n'► tc:c
(Harringtcn, `901, p. 41.9) dnd mAy be written ► .a
V .L^ + K t ^ -z 0
The -tam procedure may be carr' ed ou ^, to obtain the -, ,r.d i t , nn
under whi(h the fields derived from the potential w	 will	 ::ati ;ry Maxv, ll'
equations. Substitution of (5) and (6) into (;,) giver,
px^ Vx v x * rPr y=- ypx rer
1N)
Making use of the vector identity (8) and the fact that y is a function of
r only, equat i un ( 1 9) leads to the relati on
(18)
Vx p x yo re,, — Klt^lre ; —^ 0r	 b
.dr
.+ 	 ^!^^
ft
7whi ro is mn arbitrar y scalar function. The	 r(4 tiality	 f	 thy• 8	 ar". 0
..,ojx)rentr of .	 rtat inr	 (•'O)	 i is	 ens , ireoi	 ' f the 	',-a:e • 	' • ,n• • t. 10 ►r	 9 g at i -, Ci if ..
(4
 
r
g
F: juatlrg the r - • omponctit., )f — fi lation (20) acid nub::t +#p it tnK (	 ) 94 'le:.
them condit.^,n
vt + K Z w = 0	 , )
.:nt ' on:: (: 8) r nn (^.
	 &I 
J vtr that K2= y iZ	 1:: a :' ,lnct ion f
r only, or rs c cr,-t -int .	 In summary, the f ie J cir, Jer i vun fr , m r• -iuut f una k ' )
n,nd (0) sat s :y M xvell ' s equat i on under the c, •nditions (IM ftnd (..:,) -'n
and	 respertivPly, fc ►r elect, icRl Farmawtcrs y eartd 7 vh rh wee
e ithvr conttrsnt or fanct : ons of r only.
t
The (-ea se wht!n K s	 r^ is of interest fir. this report and tif►a
bran dis:nin secs by Tai
	 (1958), Wait (1961,	 196;-I ), NcR: J	 ,7),	 ^^nme r
(14-9) and	 )there.	 By g rparation of variabler. (Harringtor, l96',	 p.	 ^	 ► ),
tile	 rst• lut i vn	 ui'	 ey .a: ior.	 (:'?)	 may bt- written in the form
LF (Y- e , 0) = s (r ) P(e) N (0)	 ( '3)
where .S(r'),P(e))N(c6) respt c '.ivel~y satisfy the follow ng differentia:
e quat i on., :
rx 	 + kZ r Z -- r(VI 4 I> s r = 0
dr	 d r
•
0
•L 1
! - s^ ^sh 9 d= t n (n +. 1) 	 P(A) = O
H	
+ r„ L u(^l =^	 ( 0! )
	
: ,)lut , .ii to., • gwtticros (.- ,) .aM (.-()) n r ,• (Herr ngt-di.	 r
	
P(e _ Pn ^co^ 9^ (,^^ (col j	 ( ,
1
uhc r• Pn (Cos 8^ %nd Q~(:Q fe0 are_ the aiisoc' ated L • go • ndre 1' • ui r t l (..nn !'
th e - first and ao • cond kind, respect ve ly . In or-it • r that w it) if
valued in ',he range O'S 40 4-
 
2 r( , o must t • an into ger (Harr' ngt ­n, 191
T ')66) . In ord e r that P ^ 8 J	 i e f i n i to in the i-Lnge OS 9 < TT	 th--
Legon-ire function (.f the first kind, with n an intc • gt . r, ir.u:ct b r ho .scn
(Harrington, !961, p. r66j.
For KL	 (­)nstant, e qual i-n (24) reduc e ':: t') the sphetrica'
h fla, • ' e(Nation with solutions given by the spheAca l Ei-asc • i funrt iun^
(W)r9 c- and Feshbach, ).9;3. F. 62")
S(r	 (K v') h (1) (Kr) h (t)( K,) 	 ,)/	 1 r	 , n
The nc lut i - n- of r,luat on (:'')) are thus appropriate to the r^?, on 5%Arr^j•id
-rcpt
the sphrrc, :n which th- e e l c t t: i.a l wameters are: con  "Awit. v. >r C	 t
•dependence. 3,1"Kr) and H. (K r, arc linearly index- nd-nt ,&,)lut - (,nu which
represent incoming and outgoing dav--s, respectively.
1 A A
The general solutions to equat on (; ,I s), wher K . y t	 1:.
allwrd to be a function of r, depend upon the p"rtirilla r funrttonw: durw-nd-
e ric- • which in ass u med. This rep rt will 4 nvrsti,6at-- one such iutit • t:onal dr-
pendence, which has a c , ►nvenient anotlyt.ic Volution, in order to U nt thy•
c• ^nvrrgPncr of Che 1 ayerud sc lut on t(-; the ana 1 yt i r
l.ct K I	 denotf- thy. t•.-opngation constant within thu ;vhrre .u:d
:et
K^= a/rL	 ( to)
where a2 is constalrt in space, but a function of rregtiency. At the low
t'rc.l^^rn^ies (10 8 - I H.) of interest for investigation of a sphere of
lunar size, displacement currents are usually conridered to be negligible
so that we inay set
o Q-w R2	 (?1)
where 
*o is the permeability of free space and where Cr is a ounatant.
.:quation (30) then corresponds to the case when the radtal dependence of the
conc!ucti vity is given by
and the conductivity decreases, according to an inverse squ&rr law, toward
the outer radius of the sphere. It is not intended that , quatiun (32)
represent a particular lunar model, but only that it serve to tent tht•
•
P
(.jP)
i,
am
lU
app11 - ability of a layered solution to	 rtnvu O ^ n: t ,unt i nu4)us I y varying
WV-4e 1 .
^ubst . tut ion of P,-4 %Lat . t-n ( 30) into equate c.n (.'4) IF, iv, :c the (ii I*—
feroatial i• ivatlon to be st-lved
C)
-S(r)
Taking advintagf • of the result s of 4egi (19117) for a differcnt problem
formulati-)n, let u n. seek solutions of the type
S(r) = If CA ('I0
Substituting (3 1+) into (33), we have
[a	
d
which is satisfied for al l r only if
A c + oil + d2- n (n + 6j = 0	 (36)
The solution to the quadratic equat ' on (36) is
- (	 1 - 4 (dz-n (n +	 (37)
z
This agrees with the solution obtained by Negi (1967). The two solutions
represented by equations ( 34) and ( 37) =Ly be written as
Sr ( r .) =Ar O + A +Br i-P
	
08)
0
i ,
em
whr ry A and it arr arbitrary cons tint an(i whe re 8	 15 gi ven by
•
it
( 9)- 4 (dt- n (n ♦ )
p _
	
Z
The fact th t the two solutions .. f equat ion
 ('.0) arf • ind#-p, ndent. i s I) 1 .1s-
tratt-4 by thi- non- zero vz iue of the Wr(:nak ion W:
Wr- Pr '` -p =—t13rC
Letting -onductiun currents predominate so that a' is purely imaginary,
as given by #rvuat:un (31), and taking the principal value: of the , sraua.rc
root o-naures that the real part of P	 is always	 > I fl	 The sulut,ion
of the form ,	 + 04 d then finite at the origin and represents an i ncomJ r.r,
wave (analogous to
	 (K r) while the solution of the form V' i -P In infinity•
at the origin and represents an outgoing wave (analogous to  	 n (K r)	 ) .
Thy
 solution to the stated problem is than similar to the solut ion
fo r
 a how)geneoun
 cphere, which it a special cane of the result :, of Yullcr
and Ward (1969), with the excopr ion that, inside the sphere, the besse 1
func:,ion solutions are replsced by the solutions given by equation (38).
Following Fuller and Ward (3.969) the primary plane wave, assuming
,.uiit amplitude ( ^ E I =	 ),0	 may be expanded in tcrms of the putential n as
K` r cos	 P (CO 5 9)^-	 (>	 >	 n	 ^P n(nt1)	 ( )
 A21
00
. 
YI	 ^^, K. r)sir	 PVI (coso	 n (n ♦1
;Leo;
I.
Utili7.ng the general fors of the- solution to the He , lmholt: • r.j,iati4,n,
and makirif use • of .he term of rcrutions (41) and ('•.'^, the solutions f-,r
the 1xwtent.als in the e:xtt. • rnr l &-dium may be vritt, n dcvvn 1r.
ea0
n	 1
C CP5 4)	 P (Cos &)[d	 0 + b H11
ao
d_,I^^ 	 /' ^^ ZI1 +l) Pn I CCo's	 „(Kor) + d 0 k (Kor)
n= i
e	 o	 •	 o
where an , b  , C  , do are as yet undetermined coefficients. The c)r ►mary
wave in thu only incasing wave in the external med i • DD so that an
	 (1 
•	
1
) -)y ccxrtparis(,n of ( 4 3) with ( 111) and (411) with ( )1i). The colution insi,ii them
:cphcr( , may be written an
00
-- coo
	
1	 ♦, 	 n	 n	 n	 0^)
--o
n n ^j
n_I
eap
I
s	
Y(- 11)" to +1) p (cos e C I r- i ♦ ^+ d ' r -i - ^	 (1`^')
4 : ^ y1 +I ^	 h	 J	 ^	 ►'ll
Fix
1	 I
Finitcneas at the origin requires that b  L do	 0. The remaining four
I	 1	 0	 0
coefficients IL  , 0  , b  , do may be determined by application cf th( four
boundary conditions which are sufficient to ensure the continuity of tan-
gential E and H:
IF 	 1 r = RI
	
(11".)
•
(5k)
(`5)
!I
f ^ 
r _ RI
C
a^ rT
	^ 1^ AL (r YO)To
- -a- r ' -	
^ (V- ^)C ^ 1 — •►y, ar	 yo ar	 r. R,
Application of the boundary cons; ions given ty equo.tions ( 147) through (50)
0	 0
yields the following expressions for b 	 and do in the external medico:
	
0	 y , d^(y,^ - y.im(Y^)[;- +a„
	
bM 
ye M ( 10 ) L * t'n	 y^ • n YO)y
L. jo,  ( y,) z +L
•h^ ^y.)(^ +per 
 - ,
where y,	 neglecting displacement currants), is understood to be
evaluated at the boundary r - R 1 and where
Y, =KA
h y 1	 a LY-y-y,
Y.
	 y	 Y	 _y	 y -y.
•
(I-S)
(4y)
(50)
(51)
(5?)
OP
r,
14
If w.
	 i, • fint- nLxte • : ref 1i• ct ion -orff i-irn •.a for '.he 'IT.. wid -M pxn., • r. • it :. -..
e(11
R„ - d, kn (KoR).
w
3m (KO  RI)
jn ( K o RI)
then the ^-)luti^ms for th,- potentials in the esterlut ranee ium, equatl,m:.
(43) and ( I s',) may be wr'. tten as
610
'	
n 
rte ^^	 h`''(rc R n 00• nti	
^ e i
00
T •= tirl ^ ^'^^ in+l^ P^ /Ca6d) ir1^^r^^ Rw Y a^ R,
n^h ♦ ^^	 l (KR,
By equations (`>8) and ( '►9) the solution is determined everywhere in the
exterior medium once R,,,r and R"+ have been dctermined. The fields
art- obtained thr(nigh the ve ctar re latl inships of equations- (')) and (6) .
The solutions of Fuller and Ward (1969) for as arbitrarily layered
sphere are in exactly the same form as equations (58) and ('^g). To show
convergence of an appropriate layered solution to the partivular caac of
eondu,• tivity distribution considered here, it suffices to Shen+ that R„*
and R
	
, for an appropriate layered model, respectively r!onverpf: t^,
Rn 	 and R„ 4#	 for the ccn tinuously varying model.
•
1'
T T I . Ck-aputat l cats
Figure	 11 lustrKtes tow -hosen ront : nuouz movie' c-)f :k npho•r- i n
the -ondu^ti Pity varies ac^_ordirtg 'o the invi-r3o- n,junr- , t' A ii ^.;, n.:
The- (-)nductivity at the surrtc e e x the iphe	 'n 1(j
mh , ,: 'm anal is within the ranee of anticipated liutur conductivities, th ),igh
both thi :: va lut • and U14 fUnct ioral riependenco or cvndliA , vi ty up )n l tui u
: n i .::: ur .::Pd for illustrative purposes only and aro • n( ,t an e)prc-Won of
our ut- ! is !' )f thi --or.duet ivi ty structure of the anon. A l l mode . 1 calc• u : -it. t n:
pr,,!'-•n'ed in thi
	 ,t-:.iy w 11 ass'aiae free spare as the ^xternal medium. In
th i . :n. tan<-c, f , )r frequenc ies 9 A observation points such t.tut Kor << I	 ,
tho- observ-1 magnetic f -1d is	 p- • imarily dependent anon ne A 1.-t-ritial
Rn to
	
,	 the c_ontribut;on of R„t	 being negligibic. Quantita tive_ 	 jurti fica-
tier. )f th; r,•su! t in o vai 1Rble in Fuller and Ward (1969) and	 it lrr ( :969) .
Tn nddit:cm, it i:, shown in thon,? references that, where the spher e conduc-
tiv ty is ;ufficic-ntly high that displacement currentz mm -y be neglccti-d.
valut• of conductivity yields the same R"j in the quasi-static range
if !'reauen(-ir• s. r'or th#:se r easons, this rej ort will be c- ncern . d only with
the Tr
 rof1 cti-m eoeffi ri entn.
The evaluation of egns. (52) and (() yields Rn *, for thc • ron-
tin , tou::ly varying model of Figure 2 and is pr(-sentr • d in Figure 'i for n - l
thr )ugh 14. The features of the frequency response of the c ,:ntinuously varying
model are of particulLr laterest when compared to the frequency ro5ponse of A
homogeneous mode!. For this rea3on, the response coefficient R„,P for R
homogeneous model of conductivity 10 *5 mhos/m is presenters in Figure 4 (cal-
'u ire:(!d according to Fuller and Ward k 1969) . In cotpari son to the nfxnogcnoou^,
iv^ n by e^ln. ('.'l.
•
P
•"W Ac I of Y Agur, -	 wc ma y nc , t#• th-- " ,1 : , ,w! rig f,•Rtci • , s • f th,	 , vt 1 nu—
vary rig ra),i- '	 ,'. F^ gurt . A.
( , )	 T  ' r . i. nsc• c,1' F gur ,• 1 b• g i it s .it at	 , • '.v r fr , pi , !­ .; •. i it
^!.ct if I-'ig^ir#
	 du	 t .. th, true!,• r	 n •.^:rru^1	 ^r,li^t.tvl^y.
( )
	
'rw r, sp nr.c• c • urv- s • f F ' Mir :: 1 an i ), t o -n u to ,
	
, n, ;, 1 ,	 ,,
t.hc • h'^,h• r fr , iu­nc ler b, rRUse n:'' th,- cl„s, • apr- 4-munt , f th.
• ,^nci • i r-t 1. v:L1-:7 In th
	
, ute . r i• - on ­ of th,	 t-.. ,	% ., 1-:.
( 0	 'rhe rcni oni, • of t'	 - )nt : n u ic,u:, I y v--. r y t n. ,. nt -j,	 •,pre..,,+
over •t wider fr, • luencv range t.ntii • h.-.t (A - n, • ho rn , v,'.,”	 r Mi. ' ,
end ;tiadraturc (imnginary juirt) ;,rak amp' 	 i­ . •rry 1 ,w, r t' , ,r
th ,.)r.r f o r the h,.nnog•:n-.- pus tnr)dc 1.
( 1•)	 4iph o:r mod( s )f the ref le Ai on - r,.:ffir irnt. :tlr;.,rar t.c, 4;r,
mr, r, •
 c' (,se 1 y than the first bxit , indicating  that. th, high, r
rM,den 1r, • more affe. r ted by near aurface rondLct ' v t ty.
(')) Exc-pt for (l) through ( 4 ) abr,vv, t h c . r i . u'c • no ma rked
di fferc n- • cs between the p:crti( `nr c:mtinu ,)u ,% 	rho^c n
an,: thr homogeneous mo , ie l . Th s c w^^u l d i ^.d i ,^atc thRt. ► he r,,.; j , ,nr.
of the v, ry high conductivity region at the (-enter o f th, •(,ntinuo•,.:
'n(vI • 1 i r suf f is ient ly attenuatod through th - r , ,rduct i v- )-A, r• p, rt * , n
that its A'fect is negligible.
F igt: re 5 is a two layer approximation of the cunt i nuo%t: mode i ,
calculated according to Fuller and Ward (1?b9) . Thc: layer param • t „ , rr •cr,•
illustrated on the figure. Beyond about 4 lizo tae luasi-static approximati ­m
bresjkn dawn dithin (though not outside ^f) the outer layer :;u a:: t” c•a'In'.
-mrputational cliffi ,-ulties; fo. • this reason, the r( ::p_)n:c is not prc • G, ntt--d
ft
•b-y , nol tt,: t fre quo ncy. 	 '!'he in^r ,• sard c-r.d • lrtivity ,f the' irtf • "r ►t , p in
,.f the aphore• r,•.. • ;1ts in fair ag-vem, nt, at 1•w fr••o l ienc i , r•, to ttit. r• ••p n-.
f F . Ku, At the-	 h iRh4 • r	 1lr	 1 • ienc irs ,	 how , •ver. , .h-• agrue-count i n	 n- t air
gr,-,d as betw ,• -•r:	 : ig'i r f • .;	 1	 ijul	 4,	 au-	 to thv	 -hei(-, • o f -,	 h	 Ki.- • r nd,irt v. •
f,, r . ie out , r ► a, ,• r 	 the or.de:l of v igur-	 .
The thrr , ' layer rood(• 1 of F igw ( yi -• ld:t a lo:'e • appr-W mat n
tr th ,
 r ,. r;nnsr or Fi,7 • r- ^ at th- high ru: , '	 7w tr y.	 tri,,•.wh th
shlrl;r . ss ,,f th, , iuperctur , ,wak'i, a. (_)Fpoat A tc t t,u ^^ „f r' g,Lr,.	 f -
• Rte• e.b-i r. a gr• • ht , r num! •rr of layers i.: ri-cessary t , , s irmil ,ite th e r-••, • n:-.#
', C th , r011t ; ► s.wu" node I .
!•'ifur- •
 7 1 1lustrate	 the cal ,• ul-► ted r,!sT ►,•r.r	 of a ten lay, r
api)r,jx imeti • n to the ,-(•ntinuous rx(ir' , di th luyv:r pvamet- , rs 11 l,istrat--3
, ) r, th- figure. The responses, o N rc ficct i on coeff i t• i- nts of F i gtu • 4 s ; arid
Rr ,• aLr, )st --xa--tly coincident or all modes and for Ix)th real and !riaginar-y
pn.rt • . ,he 'cn layer model thu. accump:la hie a, for till pra(:ticaI purpose.-;.,
mn oxa ,:t el , -tromgp-•tic si.m l ation of the c nt nuu -j :.i y •varyifig rr1-)'it 1 nt
l o-,r freque-ncies.
IV. :;ummRry and Conclus ions
It has been deroonctratcd that a conce.ntric:ally layered r-pher i cal
model may be utili.:ed to simulate electroaragnetieally a sphere which hn3 - ►
-)ntinuuus distribution of conductivity as a function of radius, io,•
cicntl y low frequencies. The frequency linitation implied rcqutrr^s that
thl •
 layers he e1ectricalllr thin; that is, the wavele'igth in a given layer
rtuust be much greater than the layer thickness in order to avui3 wavegiiid,
eff^rts0
Ilic • lr. •. , 'nt ,if th a re1w r! has 1,• f:. •	 1 • '!'w rl'trht• • 0 h t.t' I t.1
, jr	 n; • •r• • ,1 m ••f• 1s h:s tw-orr • t! _al appro y isnt turi:, t , - h, •1: , .. .n w	 • • h t.hc-
•'• k • t rf • n' i • ►rwiv-t•-r::
	
,twy s , et.• ''ut, • t.unn	 , tstr.b^,•.. r.	 .h.	 hit% t , .
a	 omp ! 	for .a r ,irti--ulrtr c - nn , .l • t:v ty 1 ntr.u-.'.	 r 4h1 h
	
:.nuM,!.ri1 y
vnryi:ig it	 ttu. • t.lrrl 'f radiuu.	 A lc 3:1 :.ab.c,tls 'c, • 	 V. t 	 ' 1 4 n r,	 s'	 n,
oix : n w • i • • h th • 	-un , iu.'t i vit; • chnnlRei 6hRrp 1 v R'. wl' -t s -a 1 a r v	 ►► •3	 t' rail . ► :. ,
.;. u,, i
 h,. ,.xr,..t• l ^^^ 1 ► ^	 roar• • 	 oral ► • svc	 c	 ai^^'r,.r:mr t.! v
	 ay, r	 .f• ..
"hc • vrn . u	 f	 ng I 	 m „•. is	 I; ►► tti• . 	t ' h++ •. th e 	,w,-
p •itlt oria! 1,ru -c , lurr r , mains gr.r., rs ► ' f o r • r v ,i r r#n#r , m• nt - t' ' &y, ► s.	 '"hi•
cR L so:utiun (* , ,r a t ►artl-ul ►tr -cmlurtivity dintri ) • ► t. cn • .n Chi
	 4 . h • r
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